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1 9 $s$ 9 J. A. Wood $rso(n)$ Spin(n) diagonal extra-special 2-group abelian 2-
subgroups self-orthogonal linear binary code of block $n$ even self-orthogonal
code Spin(n) equivariant cohomology ring prime ideal 1 1 equiva-
lence classes of maximal doubly-even self-dual codes $H^{*}(BSpin(n), Z_{2})$ nimal prime ideal 1 1
2 Clifford theory
Lie group equivalent cohomology Borel, Serre, Quillen
cohomology elementary abelian $p$-group
Morse theory cohomology ring prime ideal self-orthogonal code
2
( )
$\mathcal{G};the$ category of codes, $\mathcal{X};the$ subcategory of covering spaces with covering transformation group
(or the subcategory of principal bundle) 1., 2., 3., 4. $F$ : $\mathcal{G}arrow \mathcal{X}$
, $G$ : $\mathcal{X}arrow \mathcal{G}$
1. $C\in Ob(\mathcal{G})$
$F(C)$ : $\tilde{X}arrow X$ ; (the covering space with some transformation group $C$ )
such that: X;connected
$F(C)_{*}(\pi_{1}(\tilde{X}))$ ; normal in $\pi_{1}(X)$
$\pi_{1}(X)/\pi_{1}(\tilde{X})\cong C’$
C’ $\tilde{X}$ (acts freely on $\tilde{X}$ )
$C’$ $C$ Cokernel
\pi o(X)\approx Cokernel(C)
2. $Y\in Ob(\mathcal{X})$ base space X $G(Y);code$ such that
[X, BCoke $\tau\cdot nel(G(Y))$ ] $\approx Hom$ ( $\pi_{1}(X)$ , Cokernel(G $(Y))$ ) (bijective)





$G(F(C))=C,$ $F(G(Y))=Y$ for any $C\in Ob(\mathcal{G})$ and $Y\in Ob(\mathcal{X})$
4. $C\in Ob(\mathcal{G})$ $F$ $Z$ $F(C)$ universal covering space
$H^{*}(BZ, \mathcal{F})$ $C\in Ob(\mathcal{G})$ $C$
$F$
$B*$ $*$ classifying space $C$ free action









Grothendieck group (algebraic K-theory)
vector bundle (topological K-theory)
. principal bundle (covering space)
resolution
$K(G,1)$
(Eilenberg-Maclane space) ( )
vector bundle universal bundle (universal covering)
(classical algebraic K-theory universal central extension
) $G$
$Garrow EGarrow BG$
EG $G$ join . BG $G$
( $G$ bundle principal G-bundle )
X G-bundle homotopy class $[X, BG]$
$H^{n}(G, R)\cong H^{n}(BG, R)f$ or $\forall R$
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2. principal G-bundle covering space
3. graphs with group action
. (1) (3) :graph of groups, graph automorphism group. (1) (2) :fundamental group, genus, algebraic and topological K-theory (from (1)
to (2) $:B^{*}$ from (2) to (1): covering transformation group). (2) . (3) :topological structures of graph and $Z_{p}structure$ of cohomology
Wood self-orthogonal code (1)
$K(Z_{2},1)arrow BSpin(n)arrow BSO(n)$
bundle universal covering space
spin structure self-orthogonality 4
4
self-orthogonal codes over $F_{2}$
(2)
Definition 4.1 (ordinary code) ( ) short exact sequence
$0arrow K^{l}arrow^{\varphi}K^{n+l}arrow^{\psi}K^{n}arrow 0$ (exact)
$\varphi$ , $\psi$ $G,$ $H$
$H$ parity check mat$riX$ $G$ generaior malrix
Proposition 4.1 (Classifying Theorem for ordinary codes) $G(n+l, l)$ $n$ $l$
$G(n+l, 1)\subset[X, x_{0} ; BG, *]$ (the group of homotopy class for some space $X$ to classifying space of some Group $G$)
Proof:
$0arrow K^{l}arrow^{\varphi}K^{n+l}arrow^{\psi}K^{n}arrow 0$ (exact)
$K^{n+l}$ $K^{t}$
$v$ $\psi^{-1}(p)$ ( $v$ ) $K^{n+l}$
$\psi$ section $K^{l}$
$\tilde{X}$ $:=K^{n+l},$ $X$ $:=K^{n},$ $G$ $:=K^{l}$
160
$\tilde{X}arrow X$ pricipal G-bundle covering space with deck transformation group $G$ ,
( . principal homogeneos G-set ) $G$
$G$ $[X, x_{0} ; BG, *]$
pricipal G-bundle
$GL(n)$ bundle . self-orthogonal code
Definition 4.2
$1arrow Narrow Garrow Earrow 1$ (exact)
$N$ : cyclic of order 2, $E$ : elementary abelian 2-group of order $2^{n}$ (extraspecial 2-group) quadratic
form $q$ : $Earrow N$ $x\in E$ $\in G$ 2 symmetric bilinear fonn $b$ : $E\cross Earrow N$
$b(x, y)$ $:=(\tilde{x}\tilde{y})^{2}=\tilde{x}^{2}\tilde{y}(\tilde{y}^{-1}\tilde{x}^{-1}\tilde{y}\overline{x})\tilde{y}=\tilde{x}^{2}\tilde{y}^{2}[\tilde{x},\tilde{y}]$
(Defindion )
$H^{*}(E, F_{2})=F/2(x_{1}, \ldots, x_{n}),$ $deg(x_{i})=1$
central extension




$e_{n}$ $E$ $F_{2}$ $v= \sum_{i=1}^{n}x;e_{i}$
$q(v)=q( \sum_{i=1}^{n}x_{i}e;)=\sum_{1=1}^{n}q(e_{i})x_{i}^{2}+\sum_{1\leq:<i\leq n}b(e_{i},$ $e_{J)x;x;}$ .
$k[V]$ Frobenius map $F$ $x$ ; $x_{i}^{2}$ k-linear ring homomorphism Q
Theorem 4.1 (Quillen) $G$
$H^{*}(G, F_{2})=F_{2}[x_{1}, \ldots, x_{n}]/(q(v), b(v, F(v)), \ldots, b(v, F^{h-1}(v)))\otimes F_{2}[(]$
$deg(x;)=1,x_{i}$ $H\sim E,$ $F_{2}$ ) inflation map o $h$ maximal F-stable isotropic subspace
$V$ codimension. ( $2^{h}$ $G$ maximal elementary abelian subgroup index)
( $H\sim N,$ $F_{2}$ ) $r\dot{\tau}st$ ction map degree $2^{h}$
$b(v, F^{j}(v))\in(q(v), b(v, F(v)), \ldots, b(v, F^{h-1}(v))),$ $(j\geq h)$
(Theorem )
Remark: Wood self-orthogonal code
$0arrow^{.}Z_{2}arrow Spin(n)arrow SO(n)arrow 0(exact)$












4 Quillen, Borel compact Lie
group cohomology ring
Theorem 4.2 (Borel) $G:a$ compact connected Lie group
1. $H^{*}(G;Z)$ p-torsion $H(G;Z_{p})$ extergor algebra of a graded vector space with gen-
emtors of odd degree
2. $H^{*}(G;Z)$ torsion free $H^{*}(G;Z)$ exterior algebra of a free abelian group
odd degree $G$ rank
3. $H^{*}(G;Z_{p})$ (resp. $H^{*}(G;Z)$) $B^{i}$ exterior algebra of a vector space (resp. free abelianxt rior
degree $r_{1},$ $\ldots,$ $r_{l}$ $H^{*}(BG;Z_{p})(resp.H(BG;Z))$ $Z_{p}$ (resp. $Z$)
polynomial algebra degree $r_{1}+1,$ $\ldots,$ $\uparrow l+1$ (even degrees)
(Theorem )
Theorem 4.3 (Quillen) G. a compact Lie group
$H_{G}$ $:=\oplus_{i\geq 0}H^{*}(BG;Z_{p}),$ $(p=odd)H_{G}$ $:=\oplus_{i\geq 0}H^{*}(BG;Z_{2}),$ $(p=2)$
1. $dimH^{*}(BG;Z_{\rho})=the$ maximum rank of an elementary abelian p-subgroup of $G$ ($Z_{p}$ –tori)
2. $A:Z_{p}$ –torus in $G$
$\phi_{A}$ : $H_{G}arrow H_{A}arrow H_{A}/\sqrt{0}=S(H^{1}(BA;Z_{p}))$
kemel $p_{A}$ phme ideal
3. $A,$ $A’:Z_{p}$ –tori in $G$ .
(1)$p_{A}\subset p_{A’}$ if and only $ifA$ is conjugate to a subgroup $ofA’$ . (2)$p_{A}=p_{A’}$ if and only $ifA$ is conjugate to
$A’$ . (3) $map$ (from maximal $Z_{p}-to’$ us $A$ in $G$ into the prime ideal $p_{A}$ ) conjugacy classes of maximal
$Z_{p}-tori$ in $G$ minimal prime ideals in $H_{G}$ 1 1
4. $H_{G}$ prime ideal $p_{A}$ $(A : Z_{p}-torus)$ $Hc$ homogeneous Steenrod
operation









Theorem 4.4 4 self-orthogonal code
162
Proof: Definition 42 central extension $H^{*}$ ( $BG$ ;Z2) self-orthogonal code
$G$ discrete group $BG=K(G, 1)$
$H^{n}(BG;Z_{2})\cong H^{n}(K(G, 1);Z_{2})\cong H^{n}(G\}Z_{2})$
Theorem 4.1 $q(v),$ $b(v, F(v)),$ $\ldots,$ $b(v, F^{h-1}(v))$ . regular sequence
$b(v, F^{r}(v))= \sum_{1\leq i<i\leq n}b(e;, e_{j})(x;x_{j}^{2^{r}}+x_{j}x_{j}^{2^{r}})=Sq^{2^{r-1}}Sq^{2^{r-z}}\ldots Sq^{1}q(v)$
$H^{*}(BSO(n);Z_{2})\cong Z_{2}[w_{2}, w_{3}, \ldots, w_{n}]$
Theorem 4.1 Theorem 43
$H(BG, Z_{2})\cong H(BSpin(n);Z_{2})$
Wood $H\sim BG$;Z2) (proof )
Remark: bundle
$BZ_{2}=K(Z_{2},1)arrow BGarrow BE$
universal Remark $BSO(n)=Gr(n, \infty)$
n-planes in $R^{\infty}$ Grassmann variety Proposition 4.1
$G$ GL(n) $BG\cong BGL(n)\cong BSO(n)\cong Gr(n, \infty)$
(2) Grassmannian canonical bundle
(Remark )
5 (1) (3)
(1) (3) graph of groups G-tree (tree with group ac-
tion) $G$ connected G-graph X graph of groups
graph of groups fundamental group graph cover-
ing (1) (2) complex cohomology
(1) (2) L covering
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